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Abstract. We describe scaling limits of recurrent excited random walks (ERWs) on Z in i.i.d. cookie 
environments with a bounded number of cookies per site. We allow both positive and negative 
excitations. It is known that ERW is recurrent if and only if the expected total drift per site, <5, 
belongs to the interval [—1, 1], We show that if |<5| < 1 then the diffusively scaled ERW under the 
averaged measure converges to a (<5, — <5)-pcrturbed Brownian motion. In the boundary case, \5\ = 1, 
the space scaling has to be adjusted by an extra logarithmic term, and the weak limit of ERW 
happens to be a constant multiple of the running maximum of the standard Brownian motion, a 
transient process. 



1. Introduction and main results 

Given an arbitrary positive integer M let 

n M := {((uJ z (i)) l eN)zez | w,(i) G [0,1], for i G {1,2, . . . , M} 

and iu z {i) = 1/2, for i > M, z G Z}. 

An element of Om is called a cookie environment. For each z G Z, the sequence {w z (i)}igN can be 
thought of as a stack of cookies at site z. The number uj z (i) represents the transition probability from 
z to z + 1 of a nearest-neighbor random walk upon the i-th visit to z. If u z (i) > 1/2 (resp. uj z (i) < 1/2) 
the corresponding cookie is called non- negative (resp. negative). 

Let P be a probability measure on VI m, which satisfies the following two conditions: 

(Al) Independence: the sequence (w z (-))zgz is i.i.d. under P; 



(A2) Non-degeneracy: E 



uj (i)) 



> 0. 



> and 

For ieZ and w G Om consider an integer valued process X :— (Xj), j > 0, on some probability 
space (X, J 7 , P x ,ui), which P XyUJ -a.s. satisfies P x ,u(Xo = x) = 1 and 

P x ,U x n+i =X n + l\ F n ) = 1 - P x ,UX n +i =X n -l\ T n ) = uo Xn {L Xn (n)), 

where T n C J 7 , n > 0, is the natural filtration of X and L m (n) := Xlj=o •"■{x^=m} is the number of visits 
to site m by X up to time n. Informally speaking, upon each visit to a site the walker eats the topmost 
cookie from the stack at that site and makes one step to the right or to the left with probabilities 
prescribed by this cookie. The consumption of a cookie uj z {i) induces a drift of size 2oj z {i) — 1. 
u) z (i) — 1/2 for all i > M, the walker will make unbiased steps from z starting from the (M -f 
visit to z. Let 5 be the expected total drift per site, i.e. 



Since 
l)-th 



(1) 



E 



53(2wo(t) 



1) 



E 



' M 

E 



(2wo(i) - 1) 



The parameter 8 plays a key role in the classification of the asymptotic behavior of the walk. For a 
fixed ijj G £1 the measure P^^ is called quenched. The averaged measure P x is obtained by averaging 
over environments, i.e. P x { ■ ) := E(P X)W ( • )). 
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There is an obvious symmetry between positive and negative cookies: if the environment (uj z ) Z £z is 
replaced by (oj' z ) ze j, where uj' z (i) = 1 — uj z (i), for all i € N, z £ Z, then X' , the ERW corresponding 

to the new environment, satisfies X' = —X, where = denotes the equality in distribution. Thus, it is 
sufficient to consider only non- negative 6 (this, of course, allows both negative and positive cookies), 
and we shall always assume this to be the case. 

ERW on Z in a non-negative cookie environment and its natural extension to 1 d (when there is a 
direction in R d such that the projection of a drift induced by every cookie on that direction is non- 
negative) were considered previously by many authors (see, for example, [4J, [22], [23], [2], [3], [H] 0, 
[9], [16], and references therein). 

Our model allows both positive and negative cookies but restricts their number per site to M. This 
model was studied in [13] . [To] , [20] . [19] . It is known that the process is recurrent (i.e. for P-a.e. uj it 
returns to the starting point infinitely often) if and only if S < 1 ( |14j). For transient (i.e. not recurrent) 
ERW, there is a rich variety of limit laws under Pg ([15]). 

In this paper we study scaling limits of recurrent ERW under Pq. The functional limit theorem for 
recurrent ERW in stationary ergodic non- negative cookie environments on strips Z x (Z/LZ), L £ N, 
under the quenched measure was proven in [9]. Our results deal only with i.i.d. environments on Z 
with bounded number of cookies per site but remove the non-negativity assumption on the cookies. 
We are also able to treat the boundary case 5 = 1. Extensions of these results and results of [15] to 
strips, or Z d for d > 1, or the "boundary" case for the model treated in [9] are still open problems. 

To state our results we need to define the candidates for limiting processes. Let D([0,co)) be the 

Skorokhod space of cadlag functions on [0, oo) and denote by ^ the weak convergence in the standard 
(Ji) Skorokhod topology on D([0, oo)). Unless stated otherwise, all processes start at the origin at 
time 0. Let B — (B(t)), t > 0, denote a standard Brownian motion and X a ^ — (X Qj ^(i)), t > 0, be 
an (a, /3)-perturbed Brownian motion, i.e. the solution of the equation 

(2) X aiP (t)=B(t)+aBapX a> p{a)+pMX a>p (8), 



s<t 



s<t 



For (a, (3) £ (— oo, 1) x (-co, 1) the equation ^ has a pathwise unique solution that is adapted to the 
filtration of B and is a.s. continuous ([IB], [7]). Now we can state the results of our paper. 

Theorem 1 (Non-boundary case). If S £ [0,1) then 

Xu 



- ^> Xs-s{-) as n 



We note that there are other known random walk models which after rescaling converge to a per- 
turbed Brownian motion (see, e.g., 8, .21]). 

Theorem 2 (Boundary case). Let 6 = 1 and B*(t) := max s < f B(s), t > 0. Then there exists a 
constant D > such that 

X\ n .] A WM 

=> B (•) as n — > oo. 



Dy/n\ogn 

Observe that for 8 = 1 the limiting process is transient while the original process is recurrent. To 
prove Theorem [2] we consider the process Sj := maxo<i< :/ Xi, j > 0, and show that after rescaling 
it converges to the running maximum of Brownian motion. The stated result then comes from the 
fact that with an overwhelming probability the maximum amount of "backtracking" of Xj from Sj for 
j < [T n ] is °f order y/n, which is negligible on the scale y/n log n (see Lemma HOj) . 

2. Notation and preliminaries 

Assume that 5 > and Xq = 0. Let T x = inf-jj > : Xj = x} be the first hitting time of x £ Z. 
Set 

5 n =maxl t , I n =minX k , R n =S n -I n + l, n>0. 

k<n k<n 
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At first, we recall the connection with branching processes exploited in [2], [3], [14], and [15] . 
For ngK and < fc < n define 

T„-l 

D n ,k = ^ l{X,=k, X J + i=/c-l}, 
3=0 

the number of jumps from k to k — 1 before time T n . Then 

(3) T n = n + 2j2 D n,k =n + 2 ^ D n , k + 2^ D n , k . 

k<n 0<fc<n fe<0 

Consider the "backward" process (-D n ,«> fn,n-i • • • , A»,o)< Obviously, P„,„ = for every n € N. 
Moreover, given P„,„, £> n ,„-i, . . . , Ai,fc+i) we can write 

£>„,fc+i+i 

D n ,k = J]] (# of jumps from k to fc — 1 between the (j — l)-th 
j'=i 

and j'-th jump from fc to + 1 before time T n ), fc = 0, 1, . . . , n — 1. 

Here we used the observation that the number of jumps from fc to fc + 1 before time T n is equal to 
D n ,k+i + 1 for all < fc < n — 1. It follows from the definition that (£>„,„, . . . , -D„.o) is a Markov 

process. Moreover, it can be recast as a branching process with migration (see [14] . Section 3, as well 
as [TS], Section 2). Let V := (Vk), fc > 0, be the process such that Vb = and 

(V Q , Vx, . ■ ■ , V n ) = (£>„,„,£»„,„_! . . . , D nfi ) for all n e N. 

Denote by cr € [l,oo] and £ € [0,oo] respectively the lifetime and the total progeny over the lifetime 
of V, i.e. cr = inf{fc > : V k = 0}, S = ^- The probability measure that corresponds to will 

be denoted by Pq . The following result will be used several times throughout the paper. 

Theorem 3 (15], Theorems 2.1 and 2.2). Let 6 > 0. Then 

(4) lim n s P^(a > n) = d <= (0, oo); 

n— >oo 

(5) lim n 5 P v (S > n 2 ) = C 2 € (0,oo). 



We shall need to consider V over many lifetimes. Let cro = 0, So = 0, 

(6) cr 4 = inf{fc > (Ji-x : V fc = 0}, = ^ T4, i£ N. 

Then (cr, - cr^i, £.j) i(EN are i.i.d. under P y , (cr; - cr 4 _i, Sj) = (cr, S), i G N. 

3. Non-boundary case: two useful lemmas 

Let 8 £ [0, 1). First of all, we show that by time n the walker consumes almost all the drift between 
/„ and S n . 

Lemma 4. Assume that S £ [0, 1). Given 71 > 6, there exist 72 > and 9 € (0, 1) such that for all 
l<£<n 

(7) Po ( £ l{L m (T„)<M } > H < £72 and 

\m— n— £ / 

/ -(„-^) \ 

(8) P) £ ta<Jfl>^ 

\m=-(n-l) / 
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Proof. We shall start with ([7]) and use the connection with branching processes. Since the event we are 
interested in depends only on the environment and the behavior of the walk on {n — £, n — £ + 1, . . . }, 
we may assume without loss of generality that the process starts at n — I and, thus, by translation 
invariance consider only the case I = n. 
Let L\(n) = YT 3 =o l{v 3 =fc}- We have 

(9) P ( jjr l {Lm{Tn )<M} > nA < Po [J2 MD n , m < M} > nA = P V ( £ l { y m<M} > nA 

\m=0 / \m=0 / \m=0 / 

< M max P Q V Vl(y,H>^ U M max P Q V (lY(ji) > ^ 
0<fc<A/ " \ ^ i m ] M I 0<k<M u I M 

- \m=0 / _ v 

At first, consider the case 5 £ (0, 1). Let k — 0. Then (see ((H) and ([5])) for all sufficiently large n we 
get 

p y (<w>^-)< n pn°i-°i-i<n)<(i-^ 



Since 71 > S, this implies the desired estimate for k = 0. 
Let fe € {1, 2, . . . , M - 1}. Then for any e > 



Po \L v k (n)> — 



n 11 rV , s en' 11 \ ~v( T v f \ nl1 T v 1 - - £nl1 



pv\Ll{n)>—,LZ{n)> — \+pv\L v k (n)>—,Ll(n)< 



M ' u w 2M J u V Af ' u w - 2M 



< P V L v (n) > — +P M L ^(n) < — L^n) > — 



2M / u V u w - 2M 



M 



We only need to estimate the last term. Notice that by (A2) there is e > such that Pq (Vj+i = 
0\Vj — k) > e for all k £ {1, 2, . . . , M — 1} and j £ N. Therefore, the last term is bounded above 
by the probability that in at least [n 11 /M] independent Bernoulli trials with probability of success in 
each trial of at least e there are at most [en 11 / (2M)] successes. This probability is bounded above by 
exp(— cn 11 /M) for some positive c = c(e). This completes the proof of (O for 5 > 0. 

If S = we modify the environment by increasing slightly the drift (to the right) in the first cookie 
at each site. Let V be the branching process corresponding to the modified environment. There is a 
natural coupling between V and V such that Vj < Vj, j £ {0, 1, . . ., n}. Accordingly, 

n n 
3=0 j=0 

and (|7J| for 5 = follows from the result for S > and the second line of ([9]). 

Next after replacing A by —A proving ^ reduces to proving ([7]) for S < and 71 > 0. As above, 
the result for 8 < can be deduced from the result for 8 £ (0,71) by coupling of the corresponding 
branching processes. □ 

Next we show that y/n is a correct scaling in Theorem [TJ 
Lemma 5. Assume that 8 £ [0, 1). There exists 9 £ (0, 1) such that for all L > 0, i £ N U {0}, and 

Po (Ti+n -TtK^jKe^ 1 and P (V_,_„ - T-t < < 6^. 

Proof. We shall prove the first inequality for 8 £ (0, 1). The case 8 = and the second inequality are 
handled in exactly the same way as in the proof of Lemma 01 
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Since T n+e - T e > J2kte D n+i,k = Y%=a V 3> ^ is enou gh to snow tnat 



< 



Notice that by the Markov property and the stochastic monotonicity of V in the initial number of 
particles 



ra+k 



ra+k 



(10) P% \ y EV j <n\<P?\ £ V J <n\ y EV j <n\P?\ y £v J < 



3=0 



. j—m-\-l 



3=0 



0=0 
k 



E^<-K E^ 



K 3=0 

Suppose that we can show that there exist K, no € N such that for all n > uq 
(11) 



1 3=0 



P o V (p/3<n^<l. 



Then using (JTUJl and (JTTJ) we get that for all L > AK 2 and n > VLuq 

[Vl/(2K)\ 



'[2Kn/VL] 



P V \^3<^)<\P, V \ E V 3< 



,3=0 



3=0 



L 



f 2K[n/\/L} 

E V 3<^ 
3=0 



[VL/(2K)] 



< 



and we are done. 

To prove (fTTjl . we observe that due to (|4]) the sequence (Jm/m 1 / 6 , meN, has a limiting distribution 
(US], Theorem 3.7.2) and, thus, if if is large then Poi^u/^n) 9 ] > — ror an large enough n. 
We conclude that there is an tiq € N such that for all n> no 



,3=0 



P V \ J2 V 3< n2 ) <J + P V [ E ^<" 2 ^[(VKn«<^ 

3=0 



< 



1 



[(V^n) 5 



i=l 



1 - 



c ^ [(\/ifn) 5 ] 

2^ 



This immediately gives (fnj) if if is chosen sufficiently large. 

4. Non-boundary case: Proof of Theorem [1] 
Let A n = X n+ \ — X n and 

n— 1 n—X 

(12) P„ = E( A fc-^(Afc|^)), C7„ = E^(A fe |J- fc ). 

Then X n = B n + C n , where (B n ), n > is a martingale. Define 

X(«)(t) : =^M, B(»)(t):=^i, cW(t):=^, i>0,neN. 
Vn vn vn 



□ 
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Theorem \T\ is an easy consequence of the following three lemmas, the first of which holds for the 
quenched and the last two for the averaged measures. 

Lemma 6. Let B be a standard Brownian motion. Then B^ =4- B as n — > oo for P-a.e. u>. 

Lemma 7. For each t > and e > 

_ / \C k -5R k \ \ 

P SUp 1 = > £ 0. 

\k<nt V n J 

Lemma 8. The sequence X^ n \ n > 1, is tight in D([0, oo)). Moreover, if X is a limit point of this 
sequence and P is the corresponding measure on D([0, oo)) then P{X G C([0, oo))) = 1. 

Proof of Theorem [7] assuming Lemmas [2H31 Since X {n \ n > 1, is tight and B^ 4 B as n — > oo, 
the sequence n > 1, as the difference of two tight sequences is also tight. We can assume 

by choosing a subsequence that X^> 4 X, where X is continuous by Lemma HI The mapping 
x(-) H> r x {-) := sup s< . x{s) — inf s <. x(s) is continuous on C([0,t}). Therefore, by the continuous 
mapping theorem 

(13) /"» ( . )= ^4 r x () 

The tightness of C^ n \ n > 1, ([TBI . Lemma[71 and the "convergence together" result ([5], Theorem 3.1) 
imply that CW 4 fr* 

as n — > oo. 

Now we have a vector- valued sequence of processes (X^ n ' ,B^ n ' ,C^- n '), n > 1, that is tight. Therefore, 
along a subsequence, this 3-dimensional process converges to (X, £?, 5r x ). Since 

X (n) = B (n) +C (n) 

we get that X = B + 5r x . □ 

We shall conclude this section with proofs of Lemmas [BHH1 

Proof of Lemma [H We shall use the functional limit theorem for martingale differences ( [6] , Theorem 
18.2). Let £ nk = n~ 1/2 (A fc _i - E 0)U (Ak-i\ Fk-i)), k,n G N. Due to rescaling and the fact that ERW 
moves in unit steps, it is obvious that the Lindeberg condition, 

E -Eo,w[£nfcl{|£„ fc |>e}] —^0 as n —> oo for every t > and e > 0, 

k<nt 

is satisfied. Thus, we just have to show the convergence of the quadratic variation process, i.e. for 
P-a.e. to for each t > 

(14) E 3>,«(&l^*-0 - — - - E (^(Afc-il^-i)) 2 t 

k<nt k<nt 

as n — y oo. Since 

< - V £o, w A fc _i \T k -! < —R[nt], 
n * — ' n 

k<nt 

it is enough to prove that Po,ui(R[nt] > en ) a.s. for each e > 0. We have 

Po,u(R[nt] > £n ) < P 0,u( T [en/3] < nt ) + P 0,u{T-[ en /S\ < nt ) ~- fn,e(u,t). 

By Fubini's theorem and Lemma [5j 

(oo \ oo oo 

E /n,e(«> t) I = E *) = E ( P ° ( T ^«/3] < nt) + (T_ [en/3 ] < nt)) < oo. 

n— 1 / n— 1 n — 1 

This implies that f nj£ (oj,t) — > a.s. as n -> oo and completes the proof. □ 
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Proof of Lemma^ Let d m = $^i = i(2a; m (i) — 1) be the total drift stored at site to, to 6 Z. Then 



A/ 



Cfe - <5P fe = ^ {dm ~ S) - l{i m (fe)<M} J] ( 2w i»0') - !) 

j=L m (k) + l 



m=I k 



m=I k 



By Lemma[5J given v > 0, we can choose if sufficiently large so that Po(R[ n i\ > Ky/n) < v/2 for all 
n e N. We have 



(15) P ( sup |Cfc ^ Efc| > £ I < P I max 



Rk_ > £ -R[»t] < ^ 
v/n 2' */n ~~ 



Po 



M 



S lnt ] 

E i 



{L m ([nt])<M} 



> 



e P 



[nt] 



< if 



V 

2' 



By the strong law of large numbers lim (a + 6) l 5Z Tn __ a (dm — 5) = (P-a.s.). Therefore, for 

P-a.e. w there is an r(w) € N such that P^ 1 X) m =i- (^m — ^) < £ /(2P) whenever P& > r(w), and the 
first term in the right-hand side of (fTS"j) does not exceed 

'2(Af + l)r(w) e R[nt] 



Pn 



> 



2' 



< K < E P 0)W r(w) > 



£\/n 



4(M + 1) 



as n — > oo. 



Thus, we only need to estimate the second term in the right-hand side of (TT51) . 

Divide the interval [i} n t], SWa] into subintervals of length n 1 / 4 . By Lemma^l given £ (5, 1), with 

probability at least 1 — 6 n " l2/4 ' Kn 1 ^ all subintervals except the two extreme ones have at most n 71 / 4 
points which are visited less than M times. Hence, for n sufficiently large 



P, 



M £ R[ nt ] . . 

^ 1 {MND<M}>2^ < - I '■ 

m=J [nt] 

S[nt] 



fl>[ E l { L m([llt] )<M}>- (1+7l)/4 + 2- 1/4 ,^| I <^) <IT*"Kn l '\ 

\m=I [nt] V / 

and the proof is complete. □ 

Proof of Lemma\^ The idea of the proof is the following. If X" has large fluctuations then either 
fiW has large fluctuations or C^™- 1 has large fluctuations. is unlikely to have large fluctuations, 

since it converges to the Brownian motion. By Lemma [4j C n can have large fluctuations only if S n 
increases or /„ decreases. However by Lemma [5] neither /„ nor S n can change too quickly. Let us give 
the details. 

To prove both statements of Lemma [5] it is enough to show that there exists C3, a > such that for 
all £ £ N and sufficiently large n, n > 2 e , 

(16) P (U k<2 tSl n , k , e ) < C 3 2~ ae , 

where 



.k.f 



x 



(n) 



k + 1 



- X 



(n) 



> 2" 



(see e.g. the last paragraph in the proof of Lemma 1 in [T3], Chapter III, Section 5). 
Let 



(17) 



TOl 



kn 




'{k + l)n 


_~w_ 


, to 2 := 


2 l 



J:= -nV 2 2- 
4 
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Then 

&n,k,t = {\x m2 - x mi \ > 4j} c n^fc^ u ci n ^ e , 

where 

nf,w = {I s - ~ s «i I > J > T ^ m 2}, n£ w = {|c T - c mi I > 3 j, t < m 2 }, 

r := inf{m > mi : \X m — X mi | > 4 J} and P„ and C n are defined in (fl"2"1) . 

Since (Bj +mi — B mi ), j > 0, is a martingale, whose quadratic variation grows at most linearly, the 
maximal inequality and Burkholder-Davis-Gundy inequality (|13j. Theorem 2.11 with p = 4) imply 
that 

\ m l<J< m 2 / J 

Hence, P (u fc<2 <fi£ M ) < C'2^/ 2 . 

To control Po(f2^ k t) consider the following intervals: 

A\ = (-oo,i mi ) nr, a 2 = [/ mi ,5 mi ] nr, a 3 = (s mi ,oo)nr, 

where L = [X mi - 4 J, X mi + 4J]. Then 

3 ( r 1 

fi n,M C |J i \Eo,U^\F 3 )\l {Xj eA s } >J,r<m 2 

8=1 I j=tni 

3 (w.2-1 "I 3 

C U < E l^( A i I^OI^-eA,} > .4 =: U 

s—1 I j— mi I s— 1 

To estimate -Po(^nfc^3) note that to accumulate a drift larger than J the walk should visit at least 
[J/M] distinct sites, i.e. 

fi n,M,3 c { T s mi +[.//M] ~ ?s mi+ i < m 2 - mi}. 
Let J = [J/(2M)] and i = i/8. There exists an to e N such that S mi + 1 < toJ < (to + 1) J < 
<S»h + [J/M]- Using Lemma El we can find K > 1 such that Po(S n > Ky/nj < 2~~ l for all sufficiently 
large n. Therefore, 

P^n.kl.z) < ^- l + Po (u m<2 e +3MK ni m ^S n < Kytf) , 

where SV n m e — {P( m +i)j ~ TmJ < TO 2 — mi}. Since m 2 — mi < CJ 2 /2 6 ^ for some constant C > 0, 
Lemma [5] implies that there is 9 < 1 such that and all sufficiently large n 

Pv (u m<2l+ 3 K AK m j) < E P ° ( n U /) ^ ^ +3 KM§ 23e < C"2-*. 

rn<2 l + 3 KM 

Po(U k<2 iil^ k t x ) is estimated in the same way. 

We consider now ^2, which is a random subinterval of [—mi, mi] and, on f2r^ fc ^ 2 , has length between 
J/M and 8J. To estimate Po(Sl^ t £ 2) we notice that by Lemma[4j outside of an event of exponentially 
small (in J 72 ) probability, the number of cookies that are left in A 2 at time mi does not exceed CJ 71 , 
where 71 < 1. Even if the walker consumes all cookies in that interval, it can not build up a drift of 
size J CJ 11 (for J large). With this idea in mind, we turn now to a formal proof. 

As we noted above, on d^k . 2 , we have A 2 £ 1, where I denotes the set of all intervals of the form 

[a, b], a,b G Z, -mi < a < b < mi, J/M <b - a < 8 J. 
The cardinality of I does not exceed 16miJ < Cn 3 / 2 . Therefore, 

/ m 2 - l 

(18) Po^ZkA*) ^ CV^maxPo ( E \EoA^j \ ^)\Mx 3 ei} > J,M = A 
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By the definition of A2, the walk necessarily crosses the interval Ai by the time mi. The leftover drift 
in Ai is at most M times the number of sites in A2, which still have at least one cookie. Writing A as 
[a, b], a, b G Z, a < 6, we can estimate the last probability by 

P ° [ M H 1 {L m (T a VT b )<M} > J) = Pa I XI 1 {i m (T VT i) )<M} > J/M J . 
\ in— a / \m— a / 

If a > we can apply Lemma H] and get that for all sufficiently large n (such that (8 J) 71 < J/M) 

(19) P) ( 53 l{i™(T„v7W<M} > J/M J < Po ( 53 ^JnXM) > ( & ~ a ) 71 J 

\m= a / \m— a / 

< < e (.J/M)^ _ 

The case & < is similar. Finally, consider the case a < < 6. Then 

(20) Po ( J] l{i m (T a VT,)<M} > J/Mj < Po ( 5Z 1 {£»(T.)<.M> > J/(2M) j 

\m= a / \m— a / 

+ Po [53 if^WXM) > J/( 2 M) J • 
\m=0 / 

If b < J/(2M) then the last term in ^ is 0. But for J/(2M) < b < 8 J we have that 6 71 < J/(2M) 
for all sufficiently large J. Lemma Q] implies that 



P (53 l {Lm(Tb)<M } > J/(2M) j < P [53 l { L m (T 6 )<M} > & 71 J < < 
\m=0 / \m=0 / 



0(J/(2M))-» _ 



The first term in the right-hand side of (I2TJ1) is estimated in the same way. We conclude that for some 
constant C and all sufficiently large n 

P (U fe<2 < M , 2 ) < Cn^W/^yy 2 < 2~*. 

This completes the proof of (fT6|) establishing Lemma [8] □ 

5. Boundary case: Proof of Theorem [2j 
Let 5=1. For t > and n > 2 set 

rWu-JkL, lW(t) : = , g(")(t) : = ^ [ " t] . 

7i 2 /log n V n logn ^nlogn 

Let Ej-, j > be i.i.d. positive integer- valued random variables defined in ©. They satisfy ([5]) with 
5=1 and by [TTJ Chapter 9, Section 6] for some constant a > 

(21) J 4 off (•) asrwoo, 

where H := (H(x)), x > 0, is a stable subordinator with index 1/2. More precisely, 

(22) H(x) = inf{t > : B(t) = x}. 
We shall need the following two lemmas. 

Lemma 9. The finite dimensional distributions of T^ 71 ' converge to those of cH , where c > is a 
constant and H is given by 

Lemma 10. For every e > 0, T > 



lim P ( sup (SW(t) - I w (i)) > e ] = 0. 

n-^-oo \o< t <T ) 
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Theorem [2] is an easy consequence of these lemmas. 

Proof of Theorem Lemma [9] implies that the finite dimensional distributions of the process 
converge to those of DB* , where D > is a constant. Since the trajectories of S^ n ' are monotone and 
the limiting process B* is continuous, we conclude that ifv") converges weakly to DB* in the (locally) 
uniform topology (see [T], Corollary 1.3 and Remark (e) on p. 588). Finally, by Lemma [TU1 for each 
T > 

sup (SW(t)-lW(f)) -> 

0<t<T 

in Po probability. By the "converging together" theorem ([SJ Theorem 3.1]) we conclude that 
converges weakly to DB* in the (locally) uniform topology, and, thus, in J\. □ 

Proof of Lemma\^ Let k S N and = xo < x i < ■ ■ ■ < £fc- We have to show that for any = to < 

h < h < ■ ■ ■ < t k 

P {T^{x k )-T^{xi)<t k -i, Vi = 0,l,2,...,fc-1) 

-> P(r(a? fc ) - T(a: 4 ) < t k -i, Vt = 0, 1, . . . , k - 1), asn^oo, 

where T(-) = cP(-) for some c > 0. 

At time P[ na;fc ] consider the structure of the corresponding branching process as we look back from 
[nifc]. Notice that D[ nx .] j < D[ nXk ]j for i < k and all j. This simple observation will allow us to get 
bounds on Tr nXi i, i = 1, 2, . . . , k — 1, in terms of the structure of downcrossings at time TL^i- This 
means that we can use the same copy of the branching process V to draw conclusions about all hitting 
times T[ nXz ], i = 1, 2, . . . , k. 

We shall use notation © and let = 0, 

N {k -' l) = min{m S N : cr m > [na*] - [raj}, i = 0, 1, 2, . . . , k - 1. 

Since 

2 ^ Sj < T [na!j j - T [ria . 4 ] < nx fc - nx* + 2 ^ Ej, 
j=i j=i 

we have 

(23) Po(X( n \x k )-T( n \xi)<t k -i, Vi = 0,1,2,...,*;- 1) 

/ w< fc -'-i 

- P ( 2 S E, ^n^^/log'n, Vi = 0,l,2,...,fc-1 

and 

(24) P (T< w >(a; fc )-T< w > (a*) Vi = 0, 1, 2, . . . , k - 1) 

> P f [nx fe ] - [nafi] +2 ^ E^ < n 2 ^/ log 2 n, Vt = 0, 1, 2, . . . , k - 1 

Next we provide some control on N^ k ~^ , z = 0, 1, . . . , fc — 1, and on the maximal lifetime over [nxfc] 
generations. Theorem [3] and [THl Theorem 3.7.2] imply that cr n /{n log n) =£• for some positive 
constant 6. From this it is easily seen that 

min{m e N : cr OT > n} 

(25) — 1 as n ->• oo. 

?io/ logn 



Recalling our definition of N^ k l > we get that for every e, v > there is no such that for all n > 

Pfl-^<^-y <! + !/, i = 0,...,fe-l] >l- e , 
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where N^ k ^ = b(x k — Xi)n/\ogn. In particular, for C = (1 + v)bxk we have that 

p( N W<°1L) >i_ e . 
V logny 

Define A„ = (logn) -1 / 2 (any sequence A„, nel, such that A„ — > and A„ logn — > oo will work) and 
notice that by Theorem [3] there is ri\ such that for all n > n\ 

2Ci ^ Cn ^ log n 



P max (o-j - cTj_i) < nX n > 1 — > 1 - e. 

\l<i<Cn/logTi / \ «A„/ 

Thus, on a set f2 e of measure at least 1 — 2e for all n > no V n\ the number of lifetimes of the branching 
process V covering [riXf.] — [nxj\ generations, i = 0, 1, 2, . . . , k — 1, is well controlled and the maximal 
lifetime over [nij;] generations docs not exceed n\ n . In particular, on Q E , the number of lifetimes in 
any interval ([nxj], [nxj+i]), i = 0, 1, . . . , k — 1, goes to infinity as n — > oo. 
Finally, on fi e we get from (|2"5)) and (f2~Tj) that 

P (T^(x k ) - T^\ Xl ) < t k _ t , V< = 0, 1,2, . . ., k - 1) 

((l-i/)JV (,c -*»-l 
2 ^ ■< n 2 i fe ^/log 2 n, Vi = 0, 1, 2, . . . , fc - 1 

= P [ ((l-^n/logn) 2 " 2(1-1)2' Vz = 0,l,2,...,fc- I 

-> P(aH(b(x k - Xi)) < (1 - v)~ 2 t k -i/2 Vi = 0, 1, 2, . . . , fc - 1) 

= P(2ab 2 (H(x k ) - H( Xi )) < t k -i(l - v)- 2 ) Vi = 0, 1, 2, . . . , k - 1). 

The lower bound is shown starting from in exactly the same way. Letting v — > and then e — » 
we obtain the statement of the lemma with T(-) = 2ab 2 H(-) =: cH(-). □ 

Proof of Lemma[Wi Without loss of generality we can consider t € [0,1]. Fix some v > 0. We have 
(26) P ( sup (S (rl) (0 - Jf W(t)) > e J < P (S„ > Ks/n~\nn)+ 

\0<i<l / 

P ( max (S m — ^"m) > ey/nhxn, S n < K\/rihin) 

\0<m<n 

By Lemma Owe can find K > such that for all large n 

Po{S n > Ky/n~lnn) < P (T [K ^ lnn] < n) < v. 

To estimate the last term in (|2^|) we shall use properties of the branching process V. Let N = min{m € 
N : er m > i^T-ynlnn}. Then the last term in ([26]) is bounded by 

P V ^max((7j — (Xi-i) > ev^lnn^ < 

/ _ \ 123 

P y (iV > CVn) + Po^ max ~ > ff^lnn, iV < C^n < 

\i<CVrT / 

v + P,}' I max (<7j — Oi_i) > e-v/nlnn ) i 
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for some large C and all sufficiently large n. Finally, from Q we conclude that for all large enough n 
the last probability does not exceed 



2Ci 



[cvs] 

< V. 



This completes the proof. □ 
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